Introduction {#Sec1}
============

Super-Brownian motion is a measure-valued process arising as a universal scaling limit for a variety of critical lattice models above the critical dimension in statistical physics and mathematical biology. Examples include oriented percolation \[[@CR44]\], lattice trees \[[@CR22]\], models for competing species such as voter models \[[@CR3], [@CR8]\], models for spread of disease such as contact processes \[[@CR42]\], and percolation \[[@CR18]\], where the full result in the latter context is the subject of ongoing research (e.g., \[[@CR20]\]). The nature of the convergence in all these contexts is that of convergence of the associated empirical processes, conditioned on long term survival and suitably rescaled, to super-Brownian motion conditioned on survival. Moreover, often only convergence of the finite-dimensional distributions is known. Extending this to convergence on path space for lattice trees was recently carried out in \[[@CR39]\] with great effort.

Convergence of the actual random sets of occupied sites to the range of super-Brownian motion is one of the most natural questions, but has not been achieved in any of these settings (convergence at a fixed time was done for the voter model in \[[@CR3]\], and for the simple setting of branching random walk it is implicit in \[[@CR10]\]). We provide a unified solution to this problem in the form of quite general conditions under which the rescaled ranges of a single occupancy particle model on the integer lattice (in discrete or continuous time) converge to the range of super-Brownian motion, conditional on survival. The conditions include convergence of the associated integrated measure-valued processes to integrated super-Brownian motion, but a feature of our results is that convergence of finite-dimensional distributions suffices (see Lemma [2.2](#FPar21){ref-type="sec"} below). We verify the conditions for the voter model in two or more dimensions, for critical oriented percolation and the critical contact process in more than 4 dimensions, and for critical lattice trees in more than eight dimensions.

As a consequence of the above convergence, we obtain the precise asymptotics for the *extrinsic one-arm probability* (i.e. the probability that the random set is not contained in the ball of radius *r*, centred at the origin). The simpler problem of establishing the asymptotics of the *intrinsic one-arm probability* (the probability that there is an occupied site at time *t*) has itself only recently been resolved at this level of generality \[[@CR38]\]. For sufficiently spread-out (unoriented) percolation in dimensions $\documentclass[12pt]{minimal}
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                \begin{document}$$d>6$$\end{document}$, Kozma and Nachmias \[[@CR28]\] have identified the correct power law decay, but have not proved a limit theorem.

Our general lattice models include a random "ancestral relation" which in the case of random graphs such as lattice trees or oriented percolation is a fundamental part of the model, but for particle models such as the voter model or contact process, arises naturally from the graphical construction of such models. Our first main result will in fact be a uniform modulus of continuity for all "ancestral paths". This result plays a crucial role in our proof of the above convergence, but it is also important in its own right.

We begin by briefly defining the four models which motivated our general results. These models depend on a random walk step kernel (probability mass function), $\documentclass[12pt]{minimal}
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***The voter model***
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For an introduction to oriented percolation (OP) see e.g. \[[@CR44]\]. For simplicity we take *D* to be uniform on $\documentclass[12pt]{minimal}
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***Lattice trees***
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***Contact process***
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***General models and ancestral relations***

Our goal is to establish general conditions for convergence of the ranges of a wide class of rescaled lattice models (including the voter model, oriented percolation, lattice trees, the contact process, and perhaps also percolation). We introduce our general framework in this section. The time index *I* will either be $\documentclass[12pt]{minimal}
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Cadlag paths are bounded on bounded intervals and so this implies$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} \mathbf{(AR) } (i)&\quad \text {For all }(s,y),(t,x)\in I\times {\mathbb {Z}}^d: \nonumber \\&\quad (s,y)\overset{\varvec{a}}{\rightarrow }(s,x)\text { iff }x=y\in {\mathcal {T}}_s, \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned} (ii)&\quad \text {For any }0\le s_1<s_2<s_3\text { in }I \text { and }y_1,y_2,y_3\in {\mathbb {Z}}^d: \nonumber \\&\quad (s_1,y_1)\overset{\varvec{a}}{\rightarrow }(s_2,y_2)\overset{\varvec{a}}{\rightarrow }(s_3,y_3) \text { implies}\ (s_1,y_1)\overset{\varvec{a}}{\rightarrow }(s_3,y_3). \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\quad \text {Conversely if }(s_1,y_1)\overset{\varvec{a}}{\rightarrow }(s_3,y_3)\text { then }\exists y_{2}\in {\mathcal {T}}_{s_2} \text { s.t. } \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\quad {{\hat{e}}}_t(y,x)\in \mathcal {D}([0,\infty ),{\mathbb {R}})=:\mathcal {D}_{{\mathbb {R}}}, \text { for every }t \in I, \text { and } \nonumber \\&\quad t\mapsto {{\hat{e}}}_t(y,x)\in \mathcal {D}([0,\infty ),\mathcal {D}_{{\mathbb {R}}}). \nonumber \\ (iv)&\quad e_{s,t}(y,x)\text { is }\mathcal {F}_t-\text {measurable for all }s, t\text { in }I \text { and }x,y\in {\mathbb {Z}}^d. \end{aligned}$$\end{document}$$We call $\documentclass[12pt]{minimal}
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Remark 1.1 {#FPar1}
----------

It is immediate from ([1.8](#Equ8){ref-type=""}) and ([1.10](#Equ10){ref-type=""}) (the latter with $\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&\text {For each }t\ge 0,x,y\in {\mathbb {Z}}^d\text { there is a }\delta >0\text { s.t. } \nonumber \\&{{\hat{e}}}_u(y,x)={{\hat{e}}}_t(y,x),\ \forall u\in [t,t+\delta )\ \text { and } \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
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                \begin{document}$$\begin{aligned}&{{\hat{e}}}_u(y,x)={{\hat{e}}}_{u'}(y,x),\ \forall u,u'\in (t-\delta ,t)\cap [0,\infty ). \end{aligned}$$\end{document}$$

**We will always assume**([1.3](#Equ3){ref-type=""}) **and (AR) when dealing with our abstract models.**

In the discrete time case we can extend $\documentclass[12pt]{minimal}
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**Note: We allow***n***to denote a real parameter in**$\documentclass[12pt]{minimal}
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Here is a simple consequence of (AR)(ii) which will be used frequently.

Lemma 1.2 {#FPar2}
---------
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Proof {#FPar3}
-----
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Definition 1.3 {#FPar4}
--------------
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Remark 1.4 {#FPar5}
----------
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For the contact process, the ancestral relation will be similar to that for oriented percolation, but will be obtained from the graphical construction of the contact process (see Sect. [10](#Sec13){ref-type="sec"} below).

***Survival probability and measure-valued processes***
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Condition 1 {#FPar7}
-----------

*(Survival Probability)* There is a constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s_D>0$$\end{document}$ and a non-decreasing function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m:[0,\infty )\rightarrow (0,\infty )$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m(t)\uparrow \infty $$\end{document}$, as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$t\uparrow \infty $$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\theta (t)\sim \frac{s_D}{m(t)}\text { as }t\uparrow \infty , \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\text {for any }s>0,\ \lim _{t\rightarrow \infty }m(st)/m(t)=s, \end{aligned}$$\end{document}$$and a constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_{1.21}\ge 1$$\end{document}$ such that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{m(sn)}{m(n)}\le c_{1.21}s, \, \forall s,n\ge 1,\quad \frac{m(n)}{m(sn)}\le c_{1.21}\frac{1}{s}, \, \text { for }1\le s\le n. \end{aligned}$$\end{document}$$

The monotonicity properties of *m* and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\theta $$\end{document}$ and ([1.19](#Equ19){ref-type=""}) easily show that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} 0<{\underline{s}}_D=\inf _{t\ge 0}m(t)\theta (t)\le \sup _{t\ge 0}m(t)\theta (t)={\overline{s}}_D<\infty , \end{aligned}$$\end{document}$$Note also that the first inequality in ([1.21](#Equ21){ref-type=""}) with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n=1$$\end{document}$ implies that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} m(s)\le c_{1.23}s, \text { for all } s\ge 1. \end{aligned}$$\end{document}$$For oriented percolation with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d>4$$\end{document}$ we set$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} m(t)=m^{OP}(t)=A^2V(t\vee 1), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$A,V>0$$\end{document}$ are constants that depend on *D*;$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} A=\lim _{t\rightarrow \infty }{\mathbb {E}}[|{\mathcal {T}}_t|], \end{aligned}$$\end{document}$$and *V* is called the vertex factor (see \[[@CR38]\] and in particular Condition 1.1 with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$r=2$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbf {k}=\mathbf {0}$$\end{document}$ for the former). Similarly we have such an *A* and *V* for the contact process with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d>4$$\end{document}$ and for lattice trees with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d>8$$\end{document}$ and we set$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} m(t)&=m^{CP}(t)=A^2V(t\vee 1), \text { and } \end{aligned}$$\end{document}$$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} m(t)&=m^{LT}(t)=A^2V(t\vee 1). \end{aligned}$$\end{document}$$For the voter model in two or more dimensions we set$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} m(t)=m^{VM}(t)={\left\{ \begin{array}{ll} t\vee 1 &{}\text { if }d>2\\ \frac{t\vee e}{\log (t\vee e)}&{}\text { if }d=2, \end{array}\right. } \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} 0<\beta _D={\left\{ \begin{array}{ll}P_o(S_n\ne o\ \ \forall n\in {\mathbb {N}})&{}\text { if }d>2\\ 2\pi \sigma ^2_{\scriptscriptstyle D}&{}\text { if } d=2. \end{array}\right. } \end{aligned}$$\end{document}$$In the above under $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$P_o$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(S_n)_{n \in {\mathbb {Z}}_+}$$\end{document}$ is a discrete-time random walk with step distribution *D*, started at *o*, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \sigma ^2_{\scriptscriptstyle D}I_{d\times d}$$\end{document}$ is the covariance matrix of *D*.

Proposition 1.6 {#FPar8}
---------------
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-----

Conditions ([1.20](#Equ20){ref-type=""}) and ([1.21](#Equ21){ref-type=""}) are obvious in all four cases.
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***Weak convergence and super-Brownian motion***

An adapted a.s. continuous $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {M}_F({\mathbb {R}}^d)$$\end{document}$-valued process, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{X}=(X_s)_{s\ge 0}$$\end{document}$, on a complete filtered probability space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\varOmega ,\mathcal {F},\mathcal {F}_t,{\mathbb {P}}_{X_0})$$\end{document}$ is said to be a super-Brownian motion (SBM) with branching rate $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma >0$$\end{document}$ and diffusion parameter $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$ \sigma _0^2>0$$\end{document}$ (or a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(\gamma , \sigma _0^2)$$\end{document}$-SBM) starting at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$X_0\in \mathcal {M}_F({\mathbb {R}}^d)$$\end{document}$ iff it solves the following martingale problem (see \[[@CR32], Section II.5\] for well-posedness of this martingale problem):$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\forall \phi \in C_b^2({\mathbb {R}}^d), M_t(\phi )=X_t(\phi )-X_0(\phi )-\int _0^t X_s( \sigma _0^2\varDelta \phi /2)\,ds\\&\text {is a continuous }\mathcal {F}_t-\text {martingale starting at }0, \text { and with square} \\&\text {function }\langle M(\phi )\rangle _t=\int _0^tX_s(\gamma \phi ^2)ds. \end{aligned}$$\end{document}$$Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S=\mathcal {S}(\varvec{X})$$\end{document}$. Associated with such a SBM is a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma $$\end{document}$-finite measure, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {N}}_o={\mathbb {N}}_o^{\gamma , \sigma _0^2}$$\end{document}$, on the space of continuous measure-valued paths satisfying $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu _0=0$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0<S<\infty $$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu _s=0$$\end{document}$ for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s\ge S$$\end{document}$; let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varOmega ^{Ex}_C$$\end{document}$ denote the space of such paths. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {N}}_o$$\end{document}$ is called the canonical measure for super-Brownian motion. The connection between $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {N}}_o$$\end{document}$ and super-Brownian motion is that if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varXi $$\end{document}$ is a Poisson point process on the space $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varOmega _C^{Ex}$$\end{document}$ with intensity $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {N}}_o$$\end{document}$, then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} X_t=\int \nu _t\,d\varXi (\varvec{\nu }), t>0;\quad X_0=\delta _0 \end{aligned}$$\end{document}$$defines a SBM starting at $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta _0$$\end{document}$. It is known that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathbb {N}}_o(S>s)=\frac{2}{\gamma s}<\infty \text { for all s>0}. \end{aligned}$$\end{document}$$Intuitively $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {N}}_o$$\end{document}$ governs the evolution of the descendants of a single ancestor at time zero, starting from the origin. For the above and more information on the canonical measure of super-Brownian motion see, e.g., Section II.7 of \[[@CR32]\]. We will sometimes work with the unconditioned measures ($\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n\in [1,\infty )$$\end{document}$)$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \mu _n(\cdot )=m(n){\mathbb {P}}(\cdot ). \end{aligned}$$\end{document}$$Note that ([1.19](#Equ19){ref-type=""}) and ([1.20](#Equ20){ref-type=""}) of Condition [1](#FPar7){ref-type="sec"} together imply$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \text {for each }s>0,\quad \lim _{n\rightarrow \infty }\frac{2}{ s_D}\mu _n(S^{\scriptscriptstyle {(n)}}>s)=\frac{2}{ s}. \end{aligned}$$\end{document}$$Combining ([1.22](#Equ22){ref-type=""}) with ([1.21](#Equ21){ref-type=""}) and taking limits from the left, we arrive at$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \frac{{\underline{s}}_D}{c_{1.21}(s\vee 1)}\le \mu _n(S^{\scriptscriptstyle {(n)}}>s)\le \mu _n(S^{\scriptscriptstyle {(n)}}\ge s)\le \frac{c_{1.21}{\overline{s}}_D}{s\wedge n},\quad \forall s\ge 0. \end{aligned}$$\end{document}$$Suppressing dependence on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma , \sigma _0^2$$\end{document}$, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s>0$$\end{document}$ we define probabilities by$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathbb {P}}_n^{s}(\cdot )={\mathbb {P}}\big ( \cdot \big | S^{\scriptscriptstyle {(n)}}>s) \end{aligned}$$\end{document}$$and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathbb {N}}_o^s(\cdot )={\mathbb {N}}_o(\cdot \,|\, S>s). \end{aligned}$$\end{document}$$We slightly abuse the above notation and will also denote super-Brownian motion under $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {N}}_o$$\end{document}$, or the probabilities $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathbb {N}}_o^s$$\end{document}$, by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{X}=(X_t)_{t\ge 0}$$\end{document}$. Then for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\phi _k(x):=e^{ik \cdot x}$$\end{document}$ we have$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathbb {N}}_o[X_t(\phi _k)]=e^{-\sigma _0^2|k|^2t/2}. \end{aligned}$$\end{document}$$For LT, OP, and CP and *d* large as usual, we will use the fact that our rescaled models converge (at least in the sense of finite-dimensional distributions) to SBM with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma =1$$\end{document}$ and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \sigma _0^2= \sigma ^2_{\scriptscriptstyle D}v=\frac{\sigma ^2}{d}v, \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\sigma ^2(=d \sigma ^2_{\scriptscriptstyle D})$$\end{document}$ and *v* are as in \[[@CR22], [@CR42], [@CR44]\], and the model dependent constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$v>0$$\end{document}$ is non-trivial (it involves so-called lace expansion coefficients). *v* satisfies (see e.g. \[[@CR40], page 295\] with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p^*=2$$\end{document}$ for LT and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p^*=1$$\end{document}$ for OP,CP)$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} v=1+O(L^{-d/p^*}). \end{aligned}$$\end{document}$$For the VM and LT, the above convergence holds on path space:

Proposition 1.7 {#FPar10}
---------------
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Proof {#FPar11}
-----
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Remark 1.8 {#FPar12}
----------
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For oriented percolation and the contact process, convergence of *the finite-dimensional distributions* (f.d.d.'s) to those of a $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(1, \sigma ^2_{\scriptscriptstyle D}v)$$\end{document}$-SBM, where *v* is as in ([1.36](#Equ36){ref-type=""}), is known \[[@CR42], [@CR44]\] (see also \[[@CR24], [@CR38]\]) but tightness (and convergence on path space) remains open. The actual weak convergence result we will impose on our lattice models (Condition [6](#FPar20){ref-type="sec"} below) will in fact follow from convergence of the f.d.d.'s and a moment bound on the total mass (see Lemma [2.2](#FPar21){ref-type="sec"}).

Our main objective is to give general conditions for the convergence of the rescaled sets of occupied sites. This convergence follows neither from the notions of weak convergence above, nor from the weak convergence of the so-called historical processes (see e.g. \[[@CR9], [@CR23]\]).
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Lemma 1.9 {#FPar13}
---------
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Proof {#FPar14}
-----
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Statement of main results {#Sec2}
=========================

We continue to state the general conditions which will imply our main results. Recall our standing assumptions ([1.3](#Equ3){ref-type=""}) and (AR), the function *m* from ([1.21](#Equ21){ref-type=""}), and the unconditioned measures ($\documentclass[12pt]{minimal}
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**Conditions** {#Sec3}
--------------

We now introduce additional conditions on $\documentclass[12pt]{minimal}
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                \begin{document}$$(\varvec{{\mathcal {T}}},\overset{\varvec{a}}{\rightarrow })$$\end{document}$. Condition [2](#FPar15){ref-type="sec"} is simple for the voter model, and is one of the outputs of the inductive approach to the lace expansion \[[@CR40], [@CR43]\] for other models, while Condition [3](#FPar16){ref-type="sec"} will usually follow from Condition [1](#FPar7){ref-type="sec"} and a form of the Markov property or Markov inequality.

### Condition 2 {#FPar15}
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### Condition 3 {#FPar16}
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The next condition is the main input for our uniform modulus of continuity for ancestral paths (e.g. Theorem [1](#FPar25){ref-type="sec"} below).

### Condition 4 {#FPar17}
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We will need an additional hypothesis to control the ancestral paths just before the terminal value.

### Condition 5 {#FPar18}
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### Remark 2.1 {#FPar19}
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### Condition 6 {#FPar20}

*(Measure Convergence)* There are parameter values $\documentclass[12pt]{minimal}
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### Lemma 2.2 {#FPar21}
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The proof is an easy Fubini argument and is given in Sect. [6](#Sec9){ref-type="sec"}.

The final condition is needed to ensure the rescaled ranges of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{{\mathcal {T}}}$$\end{document}$ converge weakly to the range of super-Brownian motion. Together with uniform control of the ancestral paths, it will ensure that any occupied regions will be close to regions of positive integrated mass of the limiting super-Brownian motion.

### Condition 7 {#FPar22}

*(Low Density Inequality)* There exists $\documentclass[12pt]{minimal}
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Here is a condition which implies the above and is more user-friendly in discrete time. The elementary proof is given in Sect. [6](#Sec9){ref-type="sec"}.

### Lemma 2.3 {#FPar23}

Assume the discrete time setting and there is a $\documentclass[12pt]{minimal}
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Note that Condition [4](#FPar17){ref-type="sec"} for $\documentclass[12pt]{minimal}
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### Proposition 2.4 {#FPar24}

Assume Condition [1](#FPar7){ref-type="sec"} and that the conclusion of Condition [4](#FPar17){ref-type="sec"} holds for $\documentclass[12pt]{minimal}
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The easy proof will be given in Sect. [6](#Sec9){ref-type="sec"}. Such exact asymptotics were established for OP ($\documentclass[12pt]{minimal}
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Main results {#Sec4}
------------

We start with a uniform modulus of continuity for the system of ancestral paths in either discrete or continuous time. As was noted before Condition [7](#FPar22){ref-type="sec"}, this modulus plays an important role in the convergence of the rescaled ranges but is also of independent interest. For critical branching Brownian motion such a modulus was first given in Theorem 4.7 of \[[@CR10]\]. Although we assume Condition [1](#FPar7){ref-type="sec"} for convenience, in fact the proof only requires the existence of a non-decreasing function *m* satisfying ([1.21](#Equ21){ref-type=""}) and Condition [3](#FPar16){ref-type="sec"}, as well as Conditions [2](#FPar15){ref-type="sec"}, [4](#FPar17){ref-type="sec"}, and [5](#FPar18){ref-type="sec"} but not the exact asymptotics in ([1.19](#Equ19){ref-type=""}) or ([1.20](#Equ20){ref-type=""}). We will often assume$$\documentclass[12pt]{minimal}
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### Theorem 1 {#FPar25}

Assume Conditions [1](#FPar7){ref-type="sec"} to [5](#FPar18){ref-type="sec"} for $\documentclass[12pt]{minimal}
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In the discrete time setting recall that $\documentclass[12pt]{minimal}
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### Theorem 1′ {#FPar26}

Assume Conditions [1](#FPar7){ref-type="sec"} to [4](#FPar17){ref-type="sec"} and ([2.3](#Equ41){ref-type=""}), where $\documentclass[12pt]{minimal}
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### Corollary 1′ {#FPar30}
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### Proof {#FPar31}
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We will use this modulus of continuity as a tool for proving weak convergence of the range, however the result is useful more generally. For example, it provides a means to check tightness of the spatial component of the model in the extended Gromov--Hausdorff--Prohorov toplogy, cf. \[[@CR2], Lemma 4.3\]. For LT in particular, this has implications for random walk on LT (see e.g. \[[@CR2]\]).

Our second main result is that, conditional on longterm survival, the rescaled range converges weakly to the range of (conditioned) SBM.

### Theorem 2 {#FPar32}

(Convergence of the range) Assume Conditions [1](#FPar7){ref-type="sec"}--[7](#FPar22){ref-type="sec"}, and let $\documentclass[12pt]{minimal}
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With Lemma [2.2](#FPar21){ref-type="sec"} in mind it is perhaps a bit surprising that such a result could be proved without a formal tightness condition. It is Theorem [1](#FPar25){ref-type="sec"} that effectively gives tightness of the approximating ranges.
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### Theorem 3 {#FPar33}

(One-arm asymptotics) Assume Conditions [1](#FPar7){ref-type="sec"}--[7](#FPar22){ref-type="sec"}. Then$$\documentclass[12pt]{minimal}
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### Remark 2.6 {#FPar34}

The proof in Sect. [5](#Sec8){ref-type="sec"} only uses Condition [1](#FPar7){ref-type="sec"} and the conclusions of Theorems [1](#FPar25){ref-type="sec"} and [2](#FPar32){ref-type="sec"}.

We finally show that all of the above conditions are satisfied by the voter model ($\documentclass[12pt]{minimal}
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### Theorem 4 {#FPar35}
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Part (v1) will give a uniform modulus of continuity for all of the rescaled dual coalescing random walks between 1's in a voter model conditioned on longterm survival. This is stated and proved in Sect. [7](#Sec10){ref-type="sec"} (Corollary [7.4](#FPar77){ref-type="sec"}).
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### Remark 2.8 {#FPar40}

In Sects. [8](#Sec11){ref-type="sec"}--[10](#Sec13){ref-type="sec"} the hypotheses of Lemma [2.2](#FPar21){ref-type="sec"} will be verified for LT, OP and the CP (for the dimensions noted in the above theorems). As Conditions [1](#FPar7){ref-type="sec"}-[7](#FPar22){ref-type="sec"} also hold by the above, we see in particular that Proposition [2.4](#FPar24){ref-type="sec"} applies for all of these models. Recalling from the above that $\documentclass[12pt]{minimal}
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For the voter model, in an interesting article Merle \[[@CR31]\] has studied the probability that a distant site *x* ever holds the opinion 1 (i.e. $\documentclass[12pt]{minimal}
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Discussion on conditions and extensions {#Sec5}
---------------------------------------

Note that, although the above list of conditions may appear lengthy, we shall see that for our prototype models, all of the conditions are either already proved in the literature, or are fairly easy to establish from known results, although Condition [4](#FPar17){ref-type="sec"} was in some cases proved very recently in response to this work. For the voter model this Condition is elementary for any $\documentclass[12pt]{minimal}
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The remainder of this paper is organised as follows. In Sect. [3](#Sec6){ref-type="sec"} we establish the moduli of continuity, i.e., Theorems [1](#FPar25){ref-type="sec"} and $\documentclass[12pt]{minimal}
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                \begin{document}$$1^\prime $$\end{document}$. In Sect.  [4](#Sec7){ref-type="sec"} we prove our general result on convergence of the rescaled ranges, Theorem [2](#FPar32){ref-type="sec"}. In Sect.  [5](#Sec8){ref-type="sec"} both of the above ingredients are used to prove the one-arm result, Theorem [3](#FPar33){ref-type="sec"}. Lemmas  [2.2](#FPar21){ref-type="sec"} and [2.3](#FPar23){ref-type="sec"} (dealing with checking Conditions [6](#FPar20){ref-type="sec"} and [7](#FPar22){ref-type="sec"}, respectively) and Proposition [1.5](#FPar6){ref-type="sec"} (existence of ancestral paths) are proved in Sect. [6](#Sec9){ref-type="sec"}. In Sects. [7](#Sec10){ref-type="sec"}--[10](#Sec13){ref-type="sec"}, respectively, we verify our conditions for the voter model, OP, LT's and CP, and so establish Theorems [4](#FPar35){ref-type="sec"}, [5](#FPar36){ref-type="sec"}, [6](#FPar37){ref-type="sec"} and [7](#FPar38){ref-type="sec"}.

Modulus of continuity {#Sec6}
=====================
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Proof {#FPar42}
-----
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Lemma 3.2 {#FPar43}
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Proof {#FPar44}
-----
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Lemma 3.3 {#FPar45}
---------
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Proof {#FPar46}
-----
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Returning now to the proof of Proposition [3.1](#FPar41){ref-type="sec"}, we define$$\documentclass[12pt]{minimal}
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Proof of Theorem 1 {#FPar49}
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Proof {#FPar57}
-----
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Lemma 4.5 {#FPar58}
---------
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Proof {#FPar59}
-----
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On checking conditions [6](#FPar20){ref-type="sec"}--[7](#FPar22){ref-type="sec"} and the existence of ancestral paths {#Sec9}
======================================================================================================================

Here we prove Lemmas [2.2](#FPar21){ref-type="sec"} and [2.3](#FPar23){ref-type="sec"} as well as Propositions [1.5](#FPar6){ref-type="sec"} and [2.4](#FPar24){ref-type="sec"}.

Proof of Lemma 2.2 {#FPar65}
------------------
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Verifying the conditions for the voter model {#Sec10}
============================================
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Lemma 7.2 {#FPar73}
---------

$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overset{\varvec{a}}{\rightarrow }$$\end{document}$ defines an ancestral relation for the voter model.

Proof {#FPar74}
-----
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Before proving Theorem [4](#FPar35){ref-type="sec"} we note that the above definition of *w*(*t*, *x*) and part (v1) of the Theorem give a uniform modulus of continuity for the rescaled dual coalescing random walks connecting one-valued sites in the voter model conditioned on longterm survival.
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-----
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Proof of Theorem 4 {#FPar79}
------------------
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Condition 3 {#FPar80}
-----------
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Condition 5 {#FPar83}
-----------

To verify Condition [5](#FPar18){ref-type="sec"} for all $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\kappa >4$$\end{document}$ we will dominate the range of the voter model by a pure birth process. The following result is standard (e.g. see Theorem 11 in Sec. 6.11 of \[[@CR16]\] and use a stopping time argument to add values of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$s=e^\lambda >1$$\end{document}$ to those considered there).

Lemma 7.5 {#FPar84}
---------
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To verify Condition [5](#FPar18){ref-type="sec"} we couple the voter model $\documentclass[12pt]{minimal}
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Now use ([7.19](#Equ161){ref-type=""}) and ([7.20](#Equ162){ref-type=""}) to see the above upper bound is at most$$\documentclass[12pt]{minimal}
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Verifying the conditions for oriented percolation {#Sec11}
=================================================

Recall the discussion after Proposition [1.5](#FPar6){ref-type="sec"}, and that in particular $\documentclass[12pt]{minimal}
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Here we verify that Conditions [1](#FPar7){ref-type="sec"}-[7](#FPar22){ref-type="sec"} hold for sufficiently spread out critical oriented percolation in dimensions $\documentclass[12pt]{minimal}
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Condition 1 {#FPar85}
-----------

This was verified in Proposition [1.6](#FPar8){ref-type="sec"} with $\documentclass[12pt]{minimal}
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Condition 2 {#FPar86}
-----------

This is immediate from \[[@CR44], Theorem 1.11(a)\] with $\documentclass[12pt]{minimal}
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Condition 3 {#FPar87}
-----------

This is a trivial consequence of Condition [1](#FPar7){ref-type="sec"}, since the event that there is an occupied path from (*s*, *y*) to $\documentclass[12pt]{minimal}
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We will show below that Condition [4](#FPar17){ref-type="sec"} is a consequence of the following two lemmas, the first of which is Theorem 1.1 of \[[@CR33]\] (it also is a special case of Theorem 1.2 of \[[@CR6]\] with $\documentclass[12pt]{minimal}
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Lemma 8.1 {#FPar88}
---------
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Lemma 8.2 {#FPar89}
---------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f:{\mathbb {Z}}^d \rightarrow {\mathbb {R}}_+$$\end{document}$. Then for oriented percolation (critical, spread out, in dimensions $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d>4$$\end{document}$), and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m<n\in {\mathbb {Z}}_+$$\end{document}$$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathbb {E}}\left[ \sum _{x\in {\mathcal {T}}_n}\sum _{y\in {\mathcal {T}}_{m}}\mathbb {1}((m,y)\rightarrow (n,x))f(x-y)\right]&={\mathbb {E}}[\mathcal {T}_{m}] \sum _{z\in {\mathbb {Z}}^d}f(z){\mathbb {P}}(z \in \mathcal {T}_{n-m})\nonumber \\&\le c_2 \sum _{z\in {\mathbb {Z}}^d}f(z){\mathbb {P}}(z \in \mathcal {T}_{n-m}) \end{aligned}$$\end{document}$$

Proof {#FPar90}
-----

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathcal {C}(n,(m,z))=\{x:(m,z)\rightarrow (n+m,x)\}$$\end{document}$. Then the left hand side is equal to$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned}&\sum _{x,y\in {\mathbb {Z}}^d}f(x-y){\mathbb {P}}(y \in {\mathcal {T}}_m,x \in \mathcal {C}(n-m,(m,y))) \\&\quad =\sum _{x,y\in {\mathbb {Z}}^d}f(x-y){\mathbb {P}}\big (y\in {\mathcal {T}}_m){\mathbb {P}}\big (x \in \mathcal {C}(n-m,(m,y))\big )\\&\quad =\sum _{x,y\in {\mathbb {Z}}^d}f(x-y){\mathbb {P}}\big (y\in {\mathcal {T}}_m){\mathbb {P}}\big (x-y \in \mathcal {C}(n-m,(0,o))\big )\\&\quad =\sum _y {\mathbb {P}}\big (y\in {\mathcal {T}}_m\big ) \sum _z f(z) {\mathbb {P}}\big (z \in \mathcal {C}(n-m,(0,o))\big )\\&\quad ={\mathbb {E}}[\mathcal {T}_{m}]\sum _z f(z) {\mathbb {P}}\big (z \in \mathcal {T}_{n-m}\big ), \end{aligned}$$\end{document}$$giving the equality. The inequality is then immediate from Condition [2](#FPar15){ref-type="sec"}. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Condition 4 {#FPar91}
-----------

Assume *L* is sufficiently large so that the above two lemmas hold. Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p>4$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(x)=|x|^p$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n=\lfloor t\rfloor $$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m=\lfloor t-s\rfloor $$\end{document}$. Then the left hand sides of ([2.1](#Equ39){ref-type=""}) and ([8.1](#Equ163){ref-type=""}) are identical. Therefore Lemma [8.2](#FPar89){ref-type="sec"} shows that the left hand side of ([2.1](#Equ39){ref-type=""}) is at most$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} c_2 \sum _{z\in {\mathbb {Z}}^d}|z|^p{\mathbb {P}}(z \in \mathcal {T}_{n-m}). \end{aligned}$$\end{document}$$By Lemma [8.1](#FPar88){ref-type="sec"} this is at most $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_L (n-m)^{p/2}\le C'_L(s\vee 1)^{p/2}$$\end{document}$ and so Condition [4](#FPar17){ref-type="sec"} is verified for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p>4$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Condition 5 {#FPar92}
-----------
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Condition 6 {#FPar93}
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Condition 7 {#FPar94}
-----------
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Proof of Theorem 5 {#FPar95}
------------------
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We end with a more explicit interpretation of the modulus of continuity in Theorem [5](#FPar36){ref-type="sec"}.

Corollary 8.3 {#FPar96}
-------------

Let $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varvec{{\mathcal {T}}}$$\end{document}$ be critical oriented percolation with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$d>4$$\end{document}$, survival time $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$S^{\scriptscriptstyle (1)}$$\end{document}$, and *L* sufficiently large so that the hypotheses of Theorem [5](#FPar36){ref-type="sec"} hold. Assume $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\alpha \in (0,1/2)$$\end{document}$. Then there is a constant $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$C_{8.3}$$\end{document}$, and for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$n\ge 1$$\end{document}$ a random variable $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\delta _n\in (0,1]$$\end{document}$ so that$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathbb {P}}(\delta _n\le \rho |S^{\scriptscriptstyle (1)}>nt^*)\le C_{8.3}(t^*\vee 1)\rho \ \ \forall \rho \in [0,1),\ t^*>0, \end{aligned}$$\end{document}$$and if $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$(0,o)\rightarrow (k_1,x_1)\rightarrow (k_2,x_2)$$\end{document}$, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k_1,k_2\in {\mathbb {Z}}_+$$\end{document}$, and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$|k_2-k_1|\le n\delta _n$$\end{document}$, then$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} |x_2-x_1|\le C_{8.3}|k_2-k_1|^\alpha n^{(1/2)-\alpha }. \end{aligned}$$\end{document}$$

Proof {#FPar97}
-----
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Verifying the conditions for lattice trees {#Sec12}
==========================================

Recall that in Sect. [1](#Sec1){ref-type="sec"} (following Proposition [1.5](#FPar6){ref-type="sec"}) we saw that ([1.3](#Equ3){ref-type=""}) and (AR), except for (AR)(iv), were elementary. Here we verify that (AR)(iv) and Conditions [1](#FPar7){ref-type="sec"}--[7](#FPar22){ref-type="sec"} hold for sufficiently spread out critical lattice trees in dimensions $\documentclass[12pt]{minimal}
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This is immediate from \[[@CR22], Theorem 1.12\] with $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$k=0$$\end{document}$. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\square $$\end{document}$

Condition 5 {#FPar103}
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In preparation for proving the remaining conditions, we introduce a bit of notation:
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Remark 9.3 {#FPar105}
----------
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It is immediate from Remark [9.3](#FPar105){ref-type="sec"} (and the product form of *W*(*T*)) that the two-point function, $\documentclass[12pt]{minimal}
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Obviously we obtain an upper bound for ([9.5](#Equ169){ref-type=""}) by replacing the indicator therein with a less restrictive one. This observation and generalisations of it will play a crucial role in our verification of the conditions for lattice trees.

Conditions [3](#FPar16){ref-type="sec"} and [7](#FPar22){ref-type="sec"} will be simple consequences of the following Lemma.

Lemma 9.4 {#FPar106}
---------
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Proof {#FPar107}
-----

Using Remark [9.3](#FPar105){ref-type="sec"} we see that the left hand side of ([9.6](#Equ170){ref-type=""}) is equal to$$\documentclass[12pt]{minimal}
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Condition 3 {#FPar108}
-----------
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Condition 7 {#FPar109}
-----------
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---------

If $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$c_{3}$$\end{document}$ is the constant in Condition [2](#FPar15){ref-type="sec"} for lattice trees, then for any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f:{\mathbb {Z}}^d \rightarrow {\mathbb {R}}_+$$\end{document}$ such that $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f(-x)=f(x)$$\end{document}$ and any $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m,n\in {\mathbb {Z}}_+$$\end{document}$, s.t. $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$m\le n$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} {\mathbb {E}}\left[ \sum _{x \in \mathcal {T}_{n}}f(x-x_m(\mathcal {T}))\right] \le c_{3} \sum _{y\in {\mathbb {Z}}^d}f(y){\mathbb {P}}(y \in \mathcal {T}_{n-m}). \end{aligned}$$\end{document}$$

Proof {#FPar111}
-----
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*tree T rooted at o and containing x at tree distance n from o, such that the unique path in the tree from o to x passes through y at tree distance m from o*
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We can now prove Theorem [6](#FPar37){ref-type="sec"}.

Proof {#FPar113}
-----
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Verifying the conditions for the contact process {#Sec13}
================================================
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Proof of Theorem 7 {#FPar117}
------------------
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